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Abstract

In this project, we mainly study and explore the PPO algorithm, and make new in-
novations in sub-optimization problem setting and network structure. Firstly, we
review the Policy Gradient Methods represented by PPO and TRPO, explain how
they solve the Model-Free RL problem, and optimize the algorithm through cer-
tain constraint functions. After that, we explore some possible improvements of
the traditional PPO algorithm through theoretical analysis. Then, based on these
analyses, we introduce the penalty function method, Monte Carlo Sampling and
other techniques to propose our innovative algorithm: Penalty PPO Algorithm. Fi-
nally, we use the Pendulum environment in gym to test our algorithm and achieved
good results, which proved the rationality of the innovation in practice.

1 Literature Review

As a policy-based method, PPO algorithm is widely used in solving Model-Free RL problems. De-
veloped from Policy Gradient Methods, PPO algorithm solves the step length calculation problem
of Policy Gradient Methods to some extent. Prior to this, the TRPO ( Trust Region Policy Optimiza-
tion ) algorithm based on Policy Gradient Methods used the Trust Region method to limit a certain
range for the selection of step size, but there are still some problems. Therefore, on the basis of
TRPO, PPO algorithm introduces Clip function or Proximal method which is Lagrange dual with
Trust Region to solve this problem. The following is a detailed review of the PPO algorithm.

1.1 Background

1.1.1 Policy Gradient Methods

In the Policy Gradient method, we first model the policy π as a function of the parameter θ. Then,
we express the policy reward function (objective function) of strategy π as follows :

J(πθ) =

∫
S

ρπθ (s)

∫
A

πθ(a|s)r(s, a)dads

where S is the state space, A is an action space and ρπ is the discounted stationary distribution of
states over policy π, r(s, a) is the reward of state action pair (s, a).

However, in Model-Free RL problem, we cannot get the exact distribution of reward function r(s, a).
So we take the Monte Carlo sampling to estimate, and use the action value function Q(s, a) to
estimate the average reward function under strategy π instead of r(s, a).
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Therefore, we update the policy parameter θ by performing stochastic gradient ascent on the direc-
tion of policy reward function gradient estimator∇θĴ(πθ):

∇θĴ(πθ) =

∫
S

ρπθ (s)

∫
A

∇θπθ(a|s)Qπθ (s, a)dads

= Es∼ρπθ ,a∼πθ
(∇θlogπθ(a|s)Qπθ (s, a))

In most cases, in order to reduce variance of estimation, we will use advantage function Âπ(s, a) to
replace the action value function Qπ(s, a), where Âπ(s, a) = Qπ(s, a)− V π(s).

1.1.2 TRPO (Trust Region Policy Optimization)

Because PPO is an extension to the TRPO, so we first discuss TRPO algorithm. In the process of
using the Policy Gradient method to solve the Model-Free RL problem, a problem often faced is the
choice of step size. An algorithm is often difficult to converge because the selected step size is too
large. Therefore, one of the basic ideas of TRPO is to use the trust region method to limit the choice
of step size, so as to prevent the problem of large difference between the new strategy and the old
strategy.

First, we replace the policy over the actions by an importance sampling, using θold to denote the
sampling distribution. We then use KL divergence to calculate the gap between the new strategy and
the old strategy and limit it to a certain trust region δ. Specifically, in each step, the subproblem of
TRPO policy update can be expressed as:

maxθ Es∼ρθold
,a∼πθold

(
πθ(a|s)
πθold(a|s)

Âπθ
(s, a))

s.t. Es∼ρθold
(DKL(πθold(·|s)||πθ(·|s))) ≤ δ

where we call L(θ) = Es∼ρθold
,a∼πθold

( πθ(a|s)
πθold

(a|s) Âπθ
(s, a)) as "surrogate" objective function on

policy update.

However, if we apply the commonly used natural gradient method to solve this subproblem, we
need to calculate the second-order gradient of L(θ) and its inverse matrix. The consumption of this
calculation is very large, which makes TRPO not efficient in practical applications. Therefore, PPO
algorithm is proposed to solve this problem.

1.2 PPO (Proximal Policy Optimization)

As an extension of TRPO, PPO algorithm inherits the data efficiency and reliable performance of
TRPO, while using only first-order optimization. This greatly reduces the consumption of the algo-
rithm, so that the algorithm can be widely used in practical scenarios.

1.2.1 Basic Idea

As we know, there is a Lagrange dual relationship between the Proximal Point method and the
Trust Region method. Therefore, we can use the Lagrange dual method to transform a constrained
Trust Region problem into an unconstrained Proximal Point problem. In solving an unconstrained
optimization problem, we can use the commonly used Admm algorithm to achieve first-order opti-
mization rather than second-order in TRPO. The improvement of PPO algorithmfor TRPO is mainly
in this aspect.

1.2.2 Algorithm Analysis

There are two versions of the PPO algorithm, one is KL Penalty version and the other is Clipped
version. Next, we analyze these two versions respectively.

1. KL Penalty Version

As mentioned above, we use the Lagrange dual method to add the KL divergence constraint in
the TRPO suboptimization problem as a penalty term to the objective function and set a penalty
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coefficient β. Thus, we generate the following "surrogate" objective function:

LKLPEN (θ) = Et(
πθ(a|s)
πθold(a|s)

Ât − βDKL(πθold(·|s)||πθ(·|s)))

where Â is the estimator of the advantage function at timestep t. Furthermore, We will also update
this penalty coefficient appropriately according to whether the step size obtained in each step of
policy update reaches a target value dtarg we set. If the step size is too large, this penalty factor β is
increased in the next update to reduce the step size, and vice versa. Then, we perform the following
steps in each policy update:

• Using several epochs of minibatch SGD, optimize the KL-penalized objective:

maxθ LKLPEN (θ).

• Compute stepsize dt = Êt(DKL(πθold(·|s)||πθ(·|s)))
- If d < dtarg/1.5, β ← β/2

- If d > dtarg × 1.5, β ← β × 2

The updated β is used for the next policy update, and the parameters 1.5 and 2 above are chosen
heuristically, but the algorithm is not very sensitive to them.

By theoretic analysis, the two surrogate objective functions LKLPEN (θ) can be seen as the lower
bound of the true reward function with a parametrized stochastic policy πθ: η(θ) = J(πθ). There-
fore, if we improve the lower bound function LKLPEN (θ), then we can improve the policy reward
function η(θ), which ensure the correctness of the algorithm.

2. Clipped Version

Unlike KL Penalty version, Clipped version uses the clip function in the surrogate objective function
of the algorithm. The definition of the clip function is as follows:

clip(rt(θ), 1− ϵ, 1 + ϵ) =


rt(θ) 1− ϵ ≤ rt(θ) ≤ 1 + ϵ

1− ϵ rt(θ) < 1− ϵ

1 + ϵ rt(θ) > 1 + ϵ

Then we define the surrogate objective function as below:

LCLIP (θ) = Êt(min(rt(θ)Ât, clip(rt(θ), 1− ε, 1 + ε))).

where ε is a hyperparameter, rt(θ) =
πθ(at|st)

πθold
(at|st) represents the probability ratio and rt(θold) = 1.

Figure 1 shows the different images of the Clip function when the advantage function Âπθ
is positive

and negative. You can see that when A > 0, the clip function avoids rt(θ) being too large, and when
A < 0, the clip function avoids rt(θ) being too small.

Figure 1: Surrogate objective function by clipped version

This surrogate objective function not only achieves the effect that limits the updated new policy not
to differ too much from the old policy, but also avoids the problem that TRPO will lead to second-
order gradient.
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Then, after modeling each policy update as optimization subproblem of the surrogate objective func-
tion mentioned above, we can write the complete PPO algorithm that uses fixed-length trajectory
segments as Algorithm 1:

Algorithm 1 PPO, Actor-Critic Style

1: for iteration= 1, 2, · · · do
2: for actor= 1, 2, · · · , N do
3: Run policy πθold in environment for T timesteps
4: Compute advantage estimates Â1, · · · , ÂT

5: end for
6: Optimize surrogate L wrt θ, with K epochs and minibatch size M ≤ NT
7: θold ← θ
8: end for

In each iteration process, Critic estimates the state value function through the network during the
sampling process, and calculates the advantage function of the action, and feeds the result back to
Actor for policy update.

1.2.3 Evaluation and Conclusion

In numerical experiments, the results of three surrogate objective and different hyperparameters are
compared:

No clipping or penalty: Lt(θ) = rt(θ)Ât

Clipping: Lt(θ) = min(rt(θ)Ât, clip(rt(θ), 1− ε, 1 + ε))

KL penalty: Lt(θ) = rt(θ)Ât − βKL(πθold ||πtheta)

From the numerical experiments we made, we can obtain the comparison of the performance of
these settings:

• For surrogate objective function: Clipping > Adaptive KL ≈ Fixed KL > Without clipping
or penalty

• For ε in Clipping, dtarg in Adaptive KL penalty, β in Fixed KL: small value may cause
stepsize too small and difficult to converge, while large value may make stepsize too large
and cross the optimal points.

• For Adaptive and Fixed KL: the difference is small.

2 Problem Setting

Actor-critic is a type of reinforcement learning algorithm that combines the ideas of both value-
based and policy-based methods. In actor-critic algorithms, there are two main components: the
actor and the critic. The actor uses a policy function πθ to determine the action to take in a given
state. The critic uses a value function Vw to evaluate the quality of the actions taken by the actor.
The actor and critic work together to improve the overall performance of the system. The actor uses
the feedback from the critic to improve its policy, while the critic uses the actions taken by the actor
to improve its value function.

This policy function can be updated by policy gradient. However, performance of policy is very
sensitive to step-size selection. When the step-size is not appropriate, the strategy corresponding to
the updated parameter is a worse strategy. When the worse strategy is used for sampling and learning,
the parameters updated again will be worse, then it is easy to lead to worse learning and finally can
not converge. Therefore, appropriate step size is very important for reinforcement learning. In
PPO, the actor is updated by a proposed sub-problem, which tends to give monotonic improvement.
One common method to update critic is temporal difference (TD) learning. In TD learning, the critic
estimates the value of a given state by the value of the next state and the immediate reward. To update
the value function, the critic uses samples of states, actions, and rewards to estimate the value of each
state. Then the value function is adjusted based on the difference between the estimated value and
the actual value.
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• Update actor

maximize
θ

Et [min (rt (θ)Aθold (t) , clip (rt (θ) , 1− ϵ, 1 + ϵ)Aθold (t))] ,

where Aθold (t) = Qθold (st, at)− Vwold
(st).

• Update critic
minimize

w
Es∼ρθold

[
(Vθold (s)− Vw (s))

2
]
.

However, in the process of actor update, actual state value Vθold (s) is estimated by the value function
Vwold

(s), which makes it sensitive to the bias of Vwold
(s). Another important consideration is that

the actor and critic are updated separately, actor update only utilizes wold but not w∗, which is the
estimation of state value on policy θold of the last step, but not the current step. Thus, we can
improve the problem by combining these two questions:

maximize
θ,w

Et [min (rt (θ)Aθold (t) , clip (rt (θ) , 1− ϵ, 1 + ϵ)Aθold (t))]

subject to Es∼ρθold

[
(Vθold (s)− Vw (s))

2
]
= 0,

(1)

where Aθold (t) = Qθold (st, at)− Vw (st).

3 Sample-Based Estimation of the Objective and Constraint

This section describes how the objective and constraint functions can be approximated using Monte
Carlo simulation. In this estimation procedure, we collect a sequence of states by sampling s0 ∼ ρ0
and then simulating the policy πθold (a|s) for some number of timesteps to generate a trajec-
tory s0, a0, s1, a1, . . . , sT−1, aT−1, sT . Hence, Qθold (st, at) is computed at each state-action pair
(st, at) by taking the discounted sum of future rewards along the trajectory. Vθold (s) is also com-
puted at each state st by taking the discounted sum of future rewards along the trajectory.

Qθold (st, at) =

∞∑
t′=t

γt′−trt′

Vθold (st) =

∞∑
t′=t

γt′−trt′ .

In this way, we estimate Qθold (st, at) and Vθold (st) with the same value, which leads to the bias
on Vθold (st) and transmits the error to Vw at the next step. To overcome this defect, the Q-value
criticQw (s, a) can be substituted for value critic Vw (s). Qθold (st, at) is computed the same, while
Vθold (s) can be computed by Ea∼q(·|s) [Qw (s, a)]. We seek to solve the the following optimization
problem, obtained by improve the problem in 1:

maximize
θ,w

Et [min (rt (θ)Aθold (t) , clip (rt (θ) , 1− ϵ, 1 + ϵ)Aθold (t))]

subject to Es∼ρθold
,a∼q(·|s)

[
(Qθold (st, at)−Qw (st, at))

2
]
= 0,

(2)

where Aθold (t) = Qθold (st, at)− Eat∼q(·|st) [Qw (st, at)].

4 Algorithm Design

4.1 Introduction: Main Problem

Next, we will explain the design details of our algorithm and the corresponding principles.

First of all, based on the design of PPO algorithm, our algorithm also adopts the update method of
policy iteration, that is, in each iteration step, the policy and network are updated by solving the
optimization subproblem. Through the above analysis of the problem, we can write the optimization
subproblem in each iteration as Equations (2) above,

However, we can find that this optimization subproblem is a constrained optimization subproblem.
But solving such a sub-problem also has many shortcomings:

5



• Firstly, generally constrained optimization problems are more difficult to solve, while un-
constrained optimization problems are relatively easier to solved;

• moreover, it is also more important that if the loss of the objective function and the loss of
the constraint function are too different in value, it may bring a large error to the overall
solution. For example, in the environment we set, the Critic loss (the loss of the constraint
function ) will be much larger than the Actor loss (the loss of the objective function ), which
may cause the Actor ’s policy update to become very slow.

Therefore, we need to strike a balance between the objective function and the constraint function in
the sub-optimization problem. We determine to use Penalty Function Methods to solve this problem.

4.2 Idea: Penalty Function Methods

First, we make a brief introduction to the basic idea of penalty function method:

For a general constrained optimization problem in the following form :
maxx f(x)

s.t. c(x) = 0

We can reformulate the original problem into the following unconstrained optimization problem by
introducing the penalty parameter λ :

maxx f(x)− λ||c(x)||22
Then, by adjusting the value of the penalty parameter λ, we can achieve the purpose of balancing
the loss of the objective function f(x) and the loss of c(x) In the overall optimization problem. If
we need to optimize the objective function more, then we can increase the penalty parameter λ ; if
we need to satisfy the constraint function more, we need to reduce the penalty parameter λ.

4.3 Optimization Subproblem

Through the above analysis, we can use the penalty function method to transform the above con-
strained optimization subproblem into the following unconstrained optimization subproblem :

LCLIP (θ, w)− λEs∼ρθold
,a∼q

[
(Qθold(s, a)−Qw(s, a))

2
]

(3)

where LCLIP (θ, w) = Et [min(rt(θ)Aθold(t), clip(rt(θ), 1− ϵ, 1 + ϵ),Aθold(t))],

Aθold(t) = Qθold(st, at)− Ea∼q[Qw(st, at)] and λ is the penalty parameter.

In each iteration update, by solving the optimal solution of such an unconstrained sub-problem,
we can update the policy parameter θ and the action value estimation parameter w, and propagate
backward through the network to achieve the effect of updating the network parameters.

If we find that the Critic loss in the optimization problem is much larger than the Actor loss, we can
increase the penalty parameter λ and increase the weight of the Actor loss in the overall optimization
problem to increase the update amount of the action parameter θ to prevent the action parameter from
changing too little. Otherwise, the penalty parameter λ should be reduced.

4.4 Algorithm

Similar to the PPO algorithm, we will use the Actor-Critic update mode, that is, in each update, there
will be the following process :

• we use the old strategy πθold for N times of Monte Carlo sampling to estimate the state
value function V̂ (s), and combine the action value function under the old strategy πθold to
obtain the corresponding advantage function Aθold(t).

• Solve the optimization subproblem obtained above, update the policy function θ and the
value estimation parameter w, and update the network parameters using backward propaga-
tion.

• The penalty parameter λ is updated appropriately according to the size relationship between
Critic loss and Actor loss.

Based on the above ideas, we get the final pseudocode, as Algorithm 2: Penalty PPO:
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Algorithm 2 Penalty PPO

1: for iteration = 1, 2, . . . do
2: for iteration = 1, 2, . . . , N do
3: Run policy πθold in environment for T timesteps
4: Compute state value estimates V̂ (s1), . . . , V̂ (sT)

5: Compute advantage estimates Â1, . . . , ÂT
6: end for
7: Optimize objective function wrt θ, w, with K epochs and minibatch size M ≤ NT
8: θold ← θ
9: wold ← w

10: Update penalty parameter λ by some strategy.
11: end for

4.5 Innovations and Comparison with PPO

Since our Penalty PPO algorithm is an innovation based on the PPO algorithm, we will compare our
algorithm with the PPO algorithm :

• Firstly, we use the Penalty Function Method to combine the update of Actor with the update
of Critic, and use the penalty parameter λ to adjust the update weight of the two. This can
prevent one of the losses from being too large and causing another update to be too small,
resulting in a slow global update.

• Secondly, our Critic network no longer evaluates the action performance of Actor indirectly
by estimating the state value function V like PPO, but directly by estimating the action
value function Q of each action. Through Monte Carlo sampling (importance sampling),
the state value function V of the next state is obtained, and finally the important part of
the optimization subproblem: advantage function At is obtained. The advantage of this
kind of Critic network is that we can directly estimate the action value function Q that best
reflects the performance of the action through the network, rather than indirect estimation
through the state value function V of the next state. This innovation will greatly improve
the accuracy of Critic’s evaluation of Actor which will be reflected in our experiments.

5 Experiment

In this section, we present an experimental result to explore the capability of our new PPO algorithm
in detail. We implement our algorithm on a problem having continuous action space.

5.1 Experiment Setting

The problem we are experimenting on is the inverted pendulum swingup problem. It is based on
the classic problem in control theory. The system consists of a pendulum attached at one end to a
fixed point, and the other end being free. The pendulum starts in a random position and the goal is
to apply torque on the free end to swing it into an upright position, with its center of gravity right
above the fixed point.

Table 1: Game State

(a) Action Space

Num Action Min Max

0 Torque -2.0 2.0

(b) Observation Space

Num Observation Min Max

0 x = cos(θ) -1.0 1.0

1 y = sin(θ) -1.0 1.0

2 Angular Velocity -8.0 8.0
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Figure 2: The graph on the left shows the performance of our baseline PPO for Beginners and the
state-of-the-art PPO algorithm. The graph on the right shows the performance of our algorithm
comparing to the code we made modification on, where green line is the data of our algorithm. The
thick lines are the averages over all the seeds and highlighted regions represent the variance.

The action space in this problem is in Table1a, and the observation in this problem is in Table1b.

The reward function is defined as: r = −(θ2+0.1×θ2dt+0.001×torque2), where θ is the pendulum’s
angle normalized between [−π, π], θdt is the angular velocity, whose range is [−8.0, 8.0]. Hence,
the minimum reward that can be obtained is about -16.2736044, while the maximum reward is zero
(pendulum is upright with zero velocity and no torque applied). Episode truncates at 200 time steps.

5.2 Result

To establish a baseline for pendulum performance, we use PPO for Beginners to learn the pendulum
problem. Figure 2 illustrates the progress of our algorithm. As noted earlier, our new designed Critic
network greatly improve the accuracy of Critic’s evaluation of Actor, hence having a steady and fast
convergence rate. We can see that, it reaches a larger best rewards, even than the state-of-the-art
PPO algorithm. Also, our algorithm converges to a sub-optimal level rewards of -400 per episode
about 200000 steps earlier than the original algorithm.

6 Conclusion

In this project, we gain a deeper understanding of the Proximal Policy Optimization algorithm. First
of all, we have a detailed review of the PPO algorithm, including the principle and structure of
the algorithm. After that, we theoretically analyze some problems existing in the traditional PPO
algorithm, and propose several improvements, including: (1) Using the network to estimate Q value,
and using Monte Carlo tree sampling to estimate V value; (2) Penalty function method is used to
improve the sub-optimization problem. Based on these two innovations, we propose our Penalty
PPO algorithm and achieve good results in simulation. However, in the simulation process, we
found that the setting of hyperparameters (such as λ) may have a certain impact on the results, but
the time is limited, and we have not been able to explore the mechanism. Although we have made
some achievements, if we continue our project, there are still some innovations to try: (1) when
the magnitude of TD error is below or above a certain threshold, the learning of actor or critic is
frozen; (2) Solve a similar Exploitation-Exploration Trade-off problem by adding a penalty to the
actor, thereby encouraging the behavior of higher-entropy exploration strategies. In addition, due to
the similarity between GAN and our project, we can also learn some optimization techniques from
GAN. If the experiments are successful, they will bring some improvement to our algorithm.
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